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Abstract

Various one-loop corrections to the four-graviton interaction in the SST
II and the heterotic string theory are sorted out and some of them explicitly
calculated. In particular the leading for ' ~+ O correction from the heterotic
amplitude is obtained. Also the non-leading non-analytic corrections are dis-
cussed and their correspondence to the one-loop supergravity diagrams is used
for their classification

*On leave of absence from the Institute for Theoretical Physics, Warsaw Univeraity, Warsaw,
Poland.

Operated by Universities Research Association Inc. under contract with the United States Depariment of Energy

Jt
A



~-1- FERMILAB-Pub-87/165-T

1. Introduction

Much effort has been recently devoted to obtaining the low energy effective
lagrangians in string theories. One approach consists in calculating the string scat-
tering amplitudes for massless particles in the tree approximation and then writing
down an effective lagrangian which reproduces those amplitudes order by order in
the expansion in o' P? (P is a typical momentum of the external massless particles).
This systematic decoupling of heavy modes generates an effective lagrangian with
an infinite number of local effective vertices (4-point, 5-point, etc. and with higher
and higher number of derivatives) which, for the gravity sector, are higher curvature

terms and higher derivative interactions.

It is of some interest to discuss quantum string corrections to the low energy
effective action for massless modes and preliminary results on one-loop corrections

in the SST II and in the heterotic string theory have been reported.(ll

In this paper we extend those results in two directions. In the second section
we discuss more systematically various one-loop string corrections to the effective
low energy 4-graviton interaction in the SST II. As expected we identify two types
of corrections: One which renormalize the local vertices already present at the
tree level and the others-genuinly non-local corrections reflecting the presence of
the branch cut singularities at massless thresholds of the one-loop amplitude. The
first category splits further into renormalization by heavy modes running in the
loop and renormalization by part of the massless loop contribution. In the third
section we calculate the leading one-loop correction t§ the 4-graviton interaction in
the heterotic string theory and discuss briefly the presence of further corrections

similar to those discussed in detail for the SST II. Finally we comment on the
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correspondence between the calculated one-loop string corrections to the low energy
4-graviton interaction and the one-loop corrections in the quantum field theory (with
1/a' cut-off) with the lagrangian given by the low energy effective lagrangian read
off from the tree level string amplitudes (with higher curvature and higher derivative

terms).

II. One-Loop Corrections To The 4-Graviton In-

teraction in the SST II.

The one-loop four-graviton amplitude in the SST II reads (see e.g. ref.[1]) (x? =
4g%(o/)*, d?% = 2d(Rez)d(Imz),d*r = 2d(Rer)d(Imt)):

n‘ 1 a7 Y 17" ¥a
A(Kl’ o K“) - 21246 EEII*IVI'" :w‘K”l Y S
dir A d?z {
— || —ezpy — k;k-G’,--} 1
F (r2)? E T2 P E 5 Crij (1)

where x is the 10D gravitational constant, K is the standard kinematical factor(3l
containing four powers of external momenta and G;; is the Green’s function on the

torus (T = 1/2xa'):

Gis(z - 2) = _srlgT(z" —z;— 7+ )t - 2::1" In 91‘(;; (;hz_;lr” (2)
We also use
T=T+ i1, =19 +70;,0< n;,0; S 1 (3)
and the integration region F is defined as
1 1
_§5r15§,|-r|>1,r2>0 (4)
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The first term in eq.(2) is due to the zero modes of the laplacian on the torus and we
shall call it the “zero mode term.” For the SST II, the corresponding exponential
factor in eq.(1) describes the propagation of the massless states in the loop.[! The

other exponential factor describes the propagation of the massive states.

Let us now study the expansion in ¢/ of the amplitude (1) in some detail. The
singularities of this amplitude are due to the integration over [[ d*z in the region

where |2 — 2;| — O and to the integration over r; with 7, — oo. Since

O (2 — 2j|7) |k arkk;
—_— ! — |m T 5
O lwmga ™~ ! &)

the integration over [] d*% gives poles at ark;k; = 1,2,.-- which represent the se-
quence of massive one-particle intermediate states in the one-loop string amplitude.
The absence of the massiess poles reflects the absence of the one-loop renormaliza-
tion of the 3-point function with massless external lines. In the low energy sector,
a'kik; < 1, we stay away from the massive poles and therefore we can expand

exp { oY kikyIn|@s(s — zlr)/€4(01)]}

i<y

- ﬁ' 2 kk 32 f: l —4mr3|d.'—a','l
- + 2 Z( | J) n? €
n=1

i<y

+ ertmmtiomen] £ (g1 4 g7) +0(g")

where ¢ =€ . (8)

The infinite sum in eq. (6) comes from the expansion of the In @, In ©; term, the ¢*
term from (In ©,)? and the g* from (In ©,). To get expansion (8) we have used the

fact 3°; ki = 0 and k? = 0 and we have skipped all the n; - dependent terms which
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appear as exp{2nin7;} and vanish after integration over n;. In particular there is
no contribution to the amplitude from the term linear in k;k;. Also, in eq. (6) we
specified 0; — o; > 0, refering to the symmetry of the Jacobi ©-function under the

reflection 2; — z; —» —(z — 2;) for the opposite case.

The “zero mass” exponential factor in the amplitude (1) cannot be expanded in
o' since the integration over 7; gives then term by term divergent result reflecting
the branch cuts. Thus, using the expansion (6) the first correction reads (up to the
kine-matical and normalization factors):
I = fHdn.do j exp{—arrgZak ki (0; — 0)*} (N
i<y

The integration over r; can be performed by recognizing in eq. (7) the E;(b) function

(8]

®dr _,, —b
Ey(8) = j; AR TRIAC (8)
where
= (-1t
E,(b) =—-f1—-lnb~*2———a— beC, |argh| < 7 (9)
n=1 *
In our case

b= —y/1- 'rfwa'{s[(crl — 02)? + (03 — 04)*] + t[(02 + 04)] + u[{o2 < 03)]} (10)

where

8 = 2k1k2, t = 2k1k4 y U = 2k1k3 (11)

The obtained correction

[ Hdn.da, f dry \/__Tz«:'z(b) (12)
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with & given by eq.(10) should be discussed in some detail. For the terms in the
function E;(b) which are polynomials in 4 the remaining integrals can be performed
order by order in b. The leading (constant) term is the correction calculated by Sakai
and Taniilll which renormalizes the R* term of the effective tree level lagrangian.
This leading in the limit o' — 0 one-loop correction is expected to be the same as
the leading for o — O contribution of the sum of the 10D supergravity diagrams
shown in Fig. 1, calculated with a cut-off 1/a/. Those diagrams are expected to
be quadratically divergent and then, with 1/a' cut-off, they indeed behave as k®i.e.
as our leading correction. This interpretation is supported by the fact that the

correction I; has a quadratic in momenta imaginary part.

The next term, linear in b, vanishes after integrating over do; due to the condition
8+t +u = 0 and terms of higher order in s,¢,u can be easily calculated. It is clear,
however, that in addition the correction I; has pieces with a complicated branch
cut singularity structure (terms of the type o'k%lnk?) due to various regions of
integration over do; of the logarithmic term in E;(b). A study of the singularity
structure of this integral suggests an interpretation of those singularities in terms of
the sum of the non-leading (logarithmic) contributions of the field theory diagrams
shown in Fig. 1. Note however that the others than the leading one terms in
the correction I; vanish in the limit o/ — 0 and therefore we do not expect this

interpretation to go beyond the qualitative level.

Let us now discuss the correction generated by the second term in the expansion
(6). The integral over 7z can be performed as before. We notice that for the terms
proportional to g* and §* the result is free of the branch cuts at massless thresholds
and the integration over do; can also be carried out term by term in powers of

of. This is part of the correction to the effective local 4-graviton vertex generated
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by the decoupling of heavy modes in the one-loop amplitude. Terms involving
exp{—4rnr|o; — 0;|} can also be integrated over 7; by means of eq.(8). It is clear
that such terms have branch cuts from the small region of integration over [], do:
such that 4m|o; — 0| < 1 T, a'kikm(01 — om)? and only from this region. This
contribution(of the type (@’'k?)*In o’k? etc)can be represented by diagrams in Fig. 2.
It is a non-local contribution to the effective 4-graviton interaction. The remaining
region of integration contributes to the effective local 4-graviton vertex. Altogether,
the result for the leading correction to the effective 4-graviton vertex generated by

the decoupling of heavy modes in the loop (Fig. 3) reads:

[
ar £l cee £4
zgﬂ.s M1y a1V

(%(%)-(% - iln 3)) (13)

Contrary to the Sakai-Tanii term, in the spirit of the decoupling philosophy, this is

K”l'"”‘Kvl'"v‘(sz + t2 + uz)

a correction to the tree level effective lagrangian

1 o®[_ g% 1 1 1
A - =& —£(3)(= — -1 3] .
Lar = sa5 P3gmat@E 1109

e g (D Ry pavava ) (D° Rygpavsva) (Do Ry povsve)

(D? Rurpirs) (14)

(There is only one independent tensor structure of the desired form). The correction
(14) has the same tensor structure as (a'k?)® correction obtained from the tree level

amplitude.

This analysis can be extended to higher orders in the expansion (8). Various
terms can be classified by the number of factors exp{—4mnn;|o; — |} they contain.

For instance with two such factors one gets contribution corresponding to the di-
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agram in Fig. 4 and of course one corresponding to the diagram in Fig. 3. With

four such factors there are no branch cuts at massless thresholds and one only gets

a contribution to the effective local vertex (Fig.3).

ITI. One-Loop Corrections to the Four-Graviton

Interaction in the Heterotic String Theory

Using the path integral approach one gets the following amplitude for the 4-graviton

scattering(®! (with the same as before conventions for the measures)

A(1,2,3,4) =

where

(fermions)

(bosons

[ 2 Radd 1Y

)Vl'--lf‘

kt r d*r
27 Jr 4x7}

(2772) " (n (7)) 7 (27a)

i—[ 2 (6[3](0|T))5]2 fI f dPziefr v .. gheve

(e, 8)#(1,1) i=1

(bosons) (fermions),, . (15)

v1epe

= 95 T, L, kO
= 2 tﬂl&lr"ﬂmkl k-l.

{[(ala,c:u)(asa4c;34) +(2e3)+ (2o 4)] (16)

24: kik; [(31G1i)(32G2j)(3334G34) +(23)+ (2 4)

i,i=1

1e3)+1e4d+(1es 2<-»4)]

i: kik,‘kkk; (31 Gli) (32 Gg,‘) (63 ng) (34G.u) }

b5k d=1

e 2i<s KikiGij (17)
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Here G2 implicitly carries the factor §*1** and k;Gy; = k! G1;(G,; is defined in eq.
(2))-

We integrate by parts all double derivatives and get (all indices are now explicit):
H/dzz,-(bosons)"""”‘ = { [H/ dzz,- (alcn) (32 Gzl)(a3G34) (34@43)]

-+ O [H/dzzi(alclﬂ (32G23)(33G34)(34G14)}t§‘”‘"'°‘"‘}

kS .- k94e” 2iei kikiGis (18)

We have used the periodicity of G;; : G(v,7) = G(v + 1,7) = G(v + 7,7) and the
fact that in the limit z — 2f singularities of 3.G(z — 2t,7) and 92G(z — 21,7) are
integrable to zero.?| The tensors t;, and t; are defined in eq. (4.A.23) of ref.[3]

where

t= as€ 4+ asty + asis (19)

Due to the freedom of relabelling particles it is sufficient to calculate those two

integrals only.

Now we can proceed with the analysis similar to that of the previous section,
although technically more involved. As before the leading one-loop correction is
obtained by effectively replacing the exponential factor in eq.(18) by 1. We are left

with two integrals over [] d*%(d%2; = 2d(Rez)d(Imz))

I

[fdzzldzzg(alGu)(Ban)r (20)

I, = /H d*z (31612)(32023)(3?.'@34)(34(?41) (21)

We calculate them in a pedastrian way by expanding (z = + ro,v = z — 2)

e ol . . i .
a,G(z,z') —_ _”(azTa) +_4%+%‘_[eznv+e4mv+m]
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+ 2(1 + qz)(ezn'v _ ezﬁu)

]
YAk
+ Lq:t(euw — ) £ 0(g®) (22)
2T
then integrating (20) and (21) term by term (the n dependent terms are of the form

exp(27inn) and do not contribute to the integrals) and recognizing that the result

should be modular covariant. This way we get!”]

L = [1‘22 (1 —24¢* - 72¢*+ )]2—(1)4(;2() (23)
1 1270 9 er)| = \aar/) 29

I, = 2 (1 + 240¢* + 2160 44—)—(—rz )4G’() (24)
2 = Ta720 9 ¢l =\ar/ "1\¢

Here G(g) and G,(q) are modular forms (see, for instance Appendix 6 of ref. [4]and
ref. [8]).

A comment is in order here. It is well known that Gz(r) has modular anomaly:
G,(r) = Ga(r,7) + Z where G is modular covariant. Thus, G; in eq. (23) should
in fact be replaced by G, for a modular covariant result. This reflects the fact that
the propagator is singular at ¥ = 0 and proceeding more carefully one should use

properly regularized derivative rather than expansion (22)7).

Modular covariance of the integrals I) and I, is crucial for the remaining in-
tegration over r(>19 but the term 7/7; which cancels the anomaly of G; does not

contribute to the final result explicitly. The result reads:

/ %(2wrg)‘4n(r)‘“%[z‘:@?]21’1,2 = ‘%M (25)

Using (15),(18) and the relation t; = 2t + t; + e—term we finally get the following
one-loop correction

g2 al3

A%(1,2,3.4) = 2532
(1,2,3,4) = 26" o5

[ Lo N 1 g .
61 A ¥1 to’1#1“'04m
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k‘l" .o kztkfl - ki¢ [tglyl...g‘,,‘ + t;wr--ﬁ;v.] (26]

The corresponding renormalization of the tree levelllll effective lagrangian reads:

1 7 (@) .
L=Lo+L = g{[—R+O(R )+ 5 (2EE)Y + YY)
(«')%g? . }
Y+Y 27
T 27. 37r5( +Y7) (27)
where

Y = td’l#r"otﬂtthw"'PcvuRalm'nvl .« oo RO4HaPAVe (28)
Y = tﬂxm'"ﬂ#cthm"-nv;Ralm"vl coo ROsKaPeNe (29)

Next, we can proceed to the calculation of non-local corrections with massless
branch cuts (which are of higher order in o') generated when the total contribution
corresponding to the first term in expansion (8) is taken into account. The analysis
is however much more complicated. Still, one can classify various contributions by
assigning to them field theory diagrams with the same branch cut singularity struc-
ture. Our analysis shows, however, that the branch cut singularities of the heterotic
string one-loop amplitude are not the same as the singularities of the field theory
one-loop diagrams generated by the tree level lagrangian R + R2. For instance the
k'?In k? singularity corresponding to the diagrams in Fig. 5 seems to be absent.

This may not be so surprising since such terms are non-leading in the limit o' — 0.

IV. Summary

We have explicitly sorted out various corrections to the four-graviton interaction

generated by the one-loop amplitudes in the SST II and the heterotic string theory.
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As expected they are of two types. Some simply renormalize the local vertices
already present at the tree level. There in fact belongs the leading as o/ — 0 1-loop
correction (in both string theories). This contribution has been first calculated in
ref.[1] for the SST and in the field theoretical language it corresponds to the leading
contribution of the one-loop supergravity diagrams in Fig. 1 calculated with a cut-
off 1/as. In this paper the analogous correction is also explicitly obtained for the

heterotic string.

Among non-leading local corrections are also those which are generated by the
decoupling of heavy modes propagating in the loop, as in Fig. 3. Within the
framework of the general decoupling philosophy such corrections should in fact be
included into the tree level lagrangian. We calculate explicitly the leading correction

of this type in the SST II.

Of course, the one-loop amplitudes generate also non-local corrections with
branch cut singularities at massless thresholds. It is not easy to present them in a
compact form but they can be classified by assigning to them field theory diagrams

with the some branch cut singularity structure.
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